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1 Introduction. 

Abstract 

We give the characterization of Arnol'd-Mather type for stable 
singular Legendre immersions. The most important building block of 
the theory is providing a module structure on the space of infinitesimal 
integral deformations by means of the notion of natural liftings of 
differential systems and of contact Hamiltonian vector fields. 

The framework of Legendre singularity theory for Legendre immersions 
is established 0: The singularity of a Legendre immersion via a Legendre 
fibration is embodied in a family of hypersurfaces, namely, the generating 
family of the Legendre immersion, and the stability of such singularity is ex- 
pressed by mean of a notion, /C-versality, for its generating family. However, 
since a singular Legendre immersion has no generating family in general, the 
direct characterization should be worthwhile for the understanding of the 
stability of singular Legendre immersions, which we are going to provide in 
this paper. 

The significance of Legendre singularity theory has increased recently by 
the trend of differential geometry treating (wave) fronts as generalised ob- 
jects of hypersurfaces. Moreover the point of view in the micro-local analysis 
provides the motivation for the study of Legendre submanifolds as the de- 
scription of singularities of solutions to partial differential equations. 
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The most simple singularity of front is given by 

X = e, y = t^, 

near {x,y) = (0,0), the (2, 3)-cusp on the (x, ?/)-plane. The front lifts to the 
Legendre curve 

x = t^, y = t^, P= -t, 

which is an immersion. Then the stability of the front is well described by 
the lifted non-singular Legendre submanifold via the Legendre equivalences 
induced by diffeomorphisms on the [x, ?/)-plane. 

Consider then the similarly simple plane curve 

x = t\ y = t\ 

the (2, 5)-cusp near (x, = (0,0). Then the natural lifting has the form: 

x = e, y = t^, p= 

which is an integral curve to the contact distribution dy—pdx = and not an 
immersion at t = 0. Therefore, restricted ourselves to Legendre immersion 
without singularities we can not treat this very simple curve in the framework 
of Legendre singularity theory. Thus we are going to study, in this paper, 
singular Legendre immersions, in particular, the nature of their deformations 
in canonical way. 

For example, consider the "stable" deformation of the (2, 5)-cusp 

x = t'^, y = t^ + Xt^ 

inducing smooth deformation of tangent lines. See figure ^ 

Then we understand, via our general theory, the stable deformation forms 
the stable projection (front) of the open Whitney umbrella of type 1, intro- 
duced in this paper, which is contactomorphic to 

x = t\ y = t' + \t\ p = h^ + ^Xt, ^ = t\ 

in the (x, A,p, /i)-space with the contact structure dy — pdx — fidX = 0. 
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We have given in the characterisations for symplectic stabihty of 
Lagrange varieties and Lagrange stabihty in symplectic geometry. Therefore 
the present paper can be regarded as a contact or Legendre counterpart 
to ^H]: We observe surely the parallelism between Lagrange and Legendre 
singularity theories, as well as symplectic and contact geometries. In fact we 
use several results in Lagrange singularities proved in [T3] to deduce several 
results in Legendre singularities. Nevertheless we need to break through 
several difficulties for obtaining the characterisations f Theorem 12. 2j) . 

In particular, we realize that the direct characterisation needs the deep 
understanding of the space of Legendre suhmanifolds. Since the space of 
submanifolds can be treated as the space of immersions, we consider, in a 
contact manifold, the space of integral mappings, parametrizations of integral 
submainfolds of the contact distribution. The space of integral mappings 
turns out to be our central object. Its tangent space at an integral mapping 
is naturally regarded as the space of infinitesimal deformations of the integral 
mapping among integral mappings. The fact, then, we observe in this paper 
is that the tangent space to the space of integral mappings has the structure 
of not merely a vector space, but the very natural module structure. It 
reminds us the "modularity" in the sense of Mather [26J. However, in this 
paper we introduce the module structure for functions not on the source 
manifold but for functions on the target manifold. 

We understand the modularity of tangent spaces to the space of integral 
mappings in a contact manifold without difficulty as follows: An infinitesimal 
deformations on a contact manifold, namely, a contact vector field is locally 
given by a contact Hamilton vector field with a Hamiltonian function 
K on the contact manifold, fixing a local contact form a. Then we see, for 
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functions H, K, 

Xhk = H-Xk + K-Xh- (HK) ■ Xi. 

Thus, we can give the module structure * of functions on the space of contact 
Hamilton vector fields by identifying it with the space of functions: The 
formula reads as 

H * Xk ■■= H ■ Xk + K{Xh -H-Xi). 

Note that the interior product ixk^^ is equal to K. Let / be an integral 
mapping. The vector field Xk o / along / is a kind of integral infinitesimal 
deformations of /. Then we set 

H*{Xko f) := rn ■ {Xk o /) + -H-X,)of. 

Note that zx^o/a is equal to f*K. We proceed even further. We define the 
multiplication * by a function H of any infinitesimal integral deformation v 
of / by the formula: 

H*v:=rH-v+ (t^a) {Xh - H ■ H,) o /. 

Moreover we observe that the multiplication is intrinsic: The definition of 
multiplications looks like depending on the choice of a local contact form 
a, but in fact it is independent of it and is determined only by the contact 
structure. 

Note that the module structure is effectively used in [T7j for the classifying 
of singular Legendre curves in the contact three space. 

We introduce the class of singular Legendre submanifolds, open Whitney 
umbrellas, in contact manifolds by explicit forms, and formulate the charac- 
terisations of Legendre stability and Legendre versality; the main Theorems 
12.21 and 12.31 in ^ In ^ we give the characterisation of open Whitney 
umbrellas as contact stable integral map-germs of corank at most one. To 
prove Theorem 12. 2| we need to clarify the infinitesimal condition on Legen- 
dre stability. For this, we introduce the notion of natural liftings (|nni|nil) of 
differential forms and differential systems in ^ After reviewing the notion of 
contact Hamilton vector fields in ^ we formulate exactly infinitesimal con- 
ditions in ^ In ^ we study the relation of integral mappings and isotropic 
mappings, and, in ^ we study on the integral jet spaces. In ^ we give re- 
sults on finite determinacy of integral map-germs. We give, using all results 
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given in the previous sections, the proof of Theorem 12.21 in ^lUl In ^IH we 
mention on the proof of Legendre versahty theorem 12.31 

In this paper, all manifolds and mappings we treat are assumed to be of 
class C°° (in case K = R) or complex analytic (in case K = C). 

This paper is based on my talk at the workshop in the University of 
Warwick held on June 1999. I would like to thank the organisers Professor 
David Mond and Professor Andrew du Plessis. Also I would like to thank 
Professor Jim Damon for valuable comment on the method described in the 
last section given to me at Newton Institute, Cambridge, 2000. I would like 
to thank Professor Hajime Sato for helpful comment, in particular, for his 
indicating me the notion of the natural liftings in jSUI. Also I would like to 
dedicate the present paper to Professor Syuzo Izumi for his 65th birthday 
and Professor Hajime Sato for his 60th birthday. 



2 Main results. 

Now we are going to describe in detail the objects we apply our theory, before 
formulating the main Theorem 12.21 

Let (VF, D) be a real or complex contact manifold of dimension 2r;, + 1 
PPj2][3]. Here D C TW stands for the contact structure on namely, a 
completely non-integrable distribution of codimension one. A typical exam- 
ple isW = K^*^"*"^, K = R or C, with coordinates (p, g, r), and 

n 

D = {dr- Y^Pidqi = 0} C TK^^+i. 

i=l 

By Darboux's theorem, any contact manifold is locally contactomorphic to 
this standard model. 

A mapping f : N W from an n-dimensional manifold N is called an 
integral mapping if, for any x G iV, f^:{TxN) C Dfi^x)-, where f^, : T^N — »• 
Tf(^x)W is the differential mapping (the linearization) of / at x. Thus the 
notion of integral mappings generalizes that of (immersed) integral manifolds 
in the contact manifold W . 

Two map-germs / : (iV, Xq) {W, D) and /' : (A^', x'^) ^ {W' , D') to 
contact manifolds [W, D) and {W' , D') respectively, are called contactomor- 
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phic if there exist a difTcomorphism a : (N.Xq) (A^'.x'o) ^-nd a contacto- 
morphism r : {W, /(xq)) ^ {W, /'(xg)), = D', such that f o a = t o f. 
In this case we call also the pair (a, r) a contactomorphism of / and /'. 

Let / : (A^"',a;o) — ^ 1^^"-+^ be an integral map-germ. Suppose that / is 
of corank < 1, namely that the kernel of the differential map /* : T^^N — > 
Tj(a,g)iy is zero or one dimensional. Then there exists a contactomorphism 
((7, r) from f to f ^ r o f o a : (K", 0) ^ {K^''+\ 0) such that 

{qi,---, qn-l, qn) ° f = {Xi, X^-l, u{Xi, Xn-1, X^), 

for some function u, where (xi, x„) is the standard coordinate of K". 
Then, setting v := Pn° f, we easily see that the components pi, . . . , Pn~i and 
r of /' are uniquely determined by the condition 

n 

d{rof) = Y^{p,of)d{q,of). 

i=l 

Actually we have: 

Proposition 2.1 (Pre-normal form of integral map-germ of corank at most 
one.) Let f : {N"',Xq) 14^^"+^ be an integral map-germ of corank < 1. 
Then there exist functions- germs u,v : (K."',0) — > (K, 0) such that f is con- 
tactomorphic to the integral map-germ f : (K", 0) (K^"+^,0) defined by 

(?l,---,?n-l,?n,Pn) O /' := {x^, . . . , Xn-l,U,v) , 

r- f dv du dv du\ , , 
Pi°f-= a a ] dxn, [l < t < n - 1), 

Jo \dXidXn aXnOXiJ 

and 

ro f ■= V-— dxn- 



In particular, our main objects of the study are introduced as follows: 

n 

For an integer k with < A; < — , wc define a map-germ / — f^^k '■ (K", 0) 
^j^2n+i^ 0) by gi o / = xi, . . . , qn-i o f = Xn-i and 
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V =Pn° f = H h X2k~lXn, 

and the property f*a = 0. The components pi, . . . ,Pn-i and r of f are 
defined as in Proposition 12.11 so that 

n 

d{r o /) = ^{Pt ° f)d{(lt ° /)• 

Then we call a map-germ / : (A^, xq) ^ an open Whitney umbrella (or an 

unfurled Whitney umbrella) of type A; (0 < < — ), if it is contactomorphic 

to the normal form /„ fc. 

An open Whitney umbrella is an integral map-germ of corank at most 
one. It is an immersion, namely, Legendre immersion, exactly when k = 0: 
A map-germ / : (A^", Xq) — ^ {W'^"'~^^, D) is a Legendre immersion if and only 
if / is an open Whitney umbrella of type 0. If A; > 0, then the singular locus 
of an open Whitney umbrella of type k is non-singular and of codimension 2 
in A^. 

Open Whitney umbrellas are intrinsically characterised via the notion of 
"contact stability" in §21 

A fibration vr : Z^~^^ is called a Legendre fibration if the fibers 

of vr are Legendre submanifolds of W. Then we concern with the rela- 
tive position of the image of an integral mapping with respect to a Leg- 
endre fibration: We consider an integral map-germ / : (A^, xq) — > (W, Wq) 
together with a germ of Legendre fibration vr : {W,Wo) {Z,Zo), where 
^^0 = f{xo), zo = 7i{wo) = (vr o /)(xo). 

Let 71 : {W, Wo) {Z, Zq) and vr' : {W, w'q) {Z', Zq) be germs of 
Legendre fibrations. Then a contactomorphism-germ r : {W, Wq) —>■ {W, Wq) 
is called a Legendre difjeomorphism-germ if r maps vr-fibers to vr'-fibers, or 
more exactly, if there exists a diffeomorphism-germ f : {Z, zq) {Z', Zq) 
such that f o vr = tt' o r. 

A pair (/, vr) is Legendre equivalent to (/', vr') if there exists a contact 
equivalence {a, t) of / and /' such that r is a Legendre diffeomorphism. In 
this case, we call (cr, r) a Legendre equivalence of (/, tt) and (/',7r'). 

An integral map-germ / : (A^, xq) —>■ W is called homotopically Legen- 
dre stable if any integral deformation {ft) of / is trivialized under Legendre 
equivalence: 

no ft° (Tt^ = /, 
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{at, Tt) being Legendre equivalences of ft and /. Here at may move base 
points of germs. 

Moreover we can define, over the R, the notion of Legendre stabihty of 
map-germs: Roughly speaking, an integral map-germ / : (A^, xq) W is 
Legendre stable with respect to an Legendre fibration ir : W ^ Z if, hy 
any sufficiently small integral perturbations, the Legendre equivalence class 
of (/, vr) is not removed. To formulate accurately, denote by Cf^{N,W) the 
space of C°° integral mappings from to W, endowed with the Whitney C°° 
topology. Then an integral map-germ / : (A^, xq) W is Legendre stable if, 
for any integral representative f : U W of f, there exists a neighborhood 
fl in Cf^{U,W) of f such that, for any /' G Q, the original pair (/xq,?!") of 
germs is Legendre equivalent to (/^/^,7r) for some x'q G U (cf. 

To characterize the Legendre stability by means of transversality, we in- 
troduce the notion of integral jet spaces. Denote by Jj{N, W) the set of r-jets 
of integral map-germs / : {N,Xq) — > {W,Wq) of corank at most one: 

JKN,W) = {ffixo) I / : {N,Xo) ~^ {W,Wo) integral, corank, J < 1}. 

Then J'j{N,W) is a submanifold of the ordinary jet space J^{N,W) ([Q. 
Moreover, for j^/(a;o) G Jj{N,W), the Legendre equivalence class of f f {xq) , 
namely, the set of r-jets of map-germs which are Legendre equivalent to 
/ : {N,xo) — > (W,wo) form a submanifold of Jj{N,W). 

If f : N W is a.n integral mapping of corank at most one, then the 
image of the r-jet extension j^f : — * J^{N, W) is contained in Jj{N, W). 
Then we regard j'^f as a mapping to J'j{N, W). Based on a Legendre version 
of transversality theorem (®, Legendre stability is characterized by the 
transversality. 

We apply, over C, the transversality as the definition of stability. 

For a manifold-germ (A^, xq), we denote by Sn,xo the K-algebra consisting 
of C°° function-germs {N,xo) — ^ K, and by mN,xo the unique maximal ideal 
of Sn,xo- If the base point xo is clear in the context, we abbreviate Sn,xo ^^^^ 
^N,xo to Sn and rriN- respectively. 

Now set 

ro = inf{r G N | f*£w H m^/^ C f*m'^'}. 

If / : (A^, Xo) W is an open Whitney umbrella, then / is, in particular, 
finite, namely, £n is a finite £^vK-module via /* : Sw £n- Therefore ro is a 
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finite positive integer, determined by n and k, the type of tlie open Wliitney 
umbrella. Actually tq depends only on the right-left equivalent class of /. 

The main purpose of the present paper is to show the following: 

Theorem 2.2 {ArnoVd- Mather type characterization of Legendre stability). 
For an integral map-germ f : (A^", a;o) (W^"'^^, wq) of corank at most one, 
the following conditions are equivalent to each other: 

(s) / is Legendre stable. 

(hs) / is homotopically Legendre stable. 

(is) / is infinitesimally Legendre stable. 

(a) / is an open Whitney umbrella and f*£w is generated by l,pi o 
f,...,Pnof as Sz-module via (vr o /)*. 

(a') / is an open Whitney umbrella and Q{f) := f*£w/{'^ ° /)*"^z^vi/ is 
generated over K o /, . . . o / . 

(a^) — ''^o)- / is an open Whitney umbrella and Qr+i{f) := f*£w/{{T^° 
f)*^zf*£-w + f*£-w n rrf^"^} is generated 6?/ o /, . . . o / over K. 

(tr) (r > ro). The jet extension f f : (A^, Xq) JJ(A^, H^) is transversal 
to the Lagrange equivalence class of f f^Xo). 

We must explain the notion of infinitesimal Legendre stablity (is): Of 
course, it is the infinitesimal counterpart of Legendre stability. Now recall 
the notion of infinitesimal stability due to Mather 23 fo^' a general C°° 
map-germ / : (A^, xq) — > W . A map-germ / is called infinitesimally stable if 
Vf = t/(VAr) + wf(yw), where Vn (resp. Vw, Vj) is the module consisting of 
all germs of vector fields over {N,xq) (resp. over {W,f{xo)), along /), and 
tf:VN^ Vf (resp. wf:Vw-^ Vj) is defined by t/(0(a;) = fM^)), e 
Vn,x e {N,xo)) (resp. wf{r]){x) = r]{f{x)),{r] G Vw,x e (A^,xo))). Simi- 
larly we call an integral map-germ / : (A^, xq) — >■ W infinitesimally Legendre 
stable if Vlf = tfiy^) +wf{VLw), where VLwic Vw) (resp. VIf{c Vf)) is 
the module of all germs of infinitesimal Legendre deformations over (A^, xq) 
(resp. infinitesimal integral deformations of /). See ^ 

The equivalence of (hs) and (is) is one of consequences of Legendre ver- 
sality theorem: We introduce the notion of Legendre versality of integral 
deformations of integral map-germs. 
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A deformation F : {N x K^, (xo,0)) ^ W of an integral map-germ 
/ : {N,xo) ^ W is called integral if each fx = -^IatxIa}, (A G (K^,0)) is 
integral, for a representative of F. We write F = {fx) in short. An integral 
deformation F of / is called Legendre versal if any other integral deforma- 
tion G : {N X K"*, (xo,0)) — > of / is induced from F up to Legendre 
equivalence, namely if there exist a map-germ ip : (K*, 0) —>■ (K^, 0) and a 
Legendre deformation {cr^,T^), (/i G (K^O)) such that g^ = t^o /^(^) o a;^ 



for any (/z G (K'^ 
Legendre versal if 

VI f = 



0)), where g^{x) = G{x,jj,). F is called infinitesimally 



OF 



A=0 



dF 



A=0/ K 



+ t/(\/^)+w/(\/L;y) 



Then we also mention in this paper on a proof of the following: 



Theorem 2.3 An integral deformation F : {N x K'", (xq, 0)) W of an in- 
tegral map-germ f : (A^, a;o) W of corank at most one, is Legendre versal 
if and only if F is infinitesimally Legendre versal. Any Legendre versal de- 
formations of f with the same number of parameters are Legendre equivalent 
to each other. An integral map-germ f : {N,Xo) ^ W of corank at most one 
has a Legendre versal deformation if and only if tfiVN) + wfiVLy/) is of 
finite codimension over K in VI f. 



Setting r = we have again that / is homotopically Legendre stable if 
and only if / is infinitesimally Legendre stable. 



3 Contact stability 

Related to the notion of Legendre stability, we define the notion of con- 
tact stability of map-germs: Roughly speaking, an integral map-germ / : 
(X, xq) W is contact stable if, by any sufficiently small integral perturba- 
tions, the contact equivalence class of f^Q is not removed but remains nearby 

Xq. 

More exactly, an integral map-germ / : (A^, xq) W is contact stable if, 
for any integral representative f :U ^Woif, there exists a neighborhood 
VL in Cf{N.,W) such that, for any /' G fi, the original germ / is contact 
equivalent to f'^, for some Xq G f/ (cf. |3] page 325). 
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An integral map-germ / : (A^, Xq) ^ W is called homotopically contact 
stable if any one-parameter integral deformation F = (ft) of / is trivialized 
by contactomorphisms: 

no fto (^t^ = /, 

{at, Tt) being contactomorphism of ft and /. Here at may move base points of 
germs. (See the definition of contactomorphism in §1). / is called infinites- 
imally contact stable if / satisfies the infinitesimal condition corresponding 
to the contact stability, namely, if / satisfies the condition 

VIf = tf{VN)+wf{VHw). 

For a map-germ / : {N,xo) (W,Wo) we set 

Rf := {he£w\dhe £Nd{f*£w)}, 

for the exterior differential d. Here we denote by £w and £n the algebra of 
function-germs on W and N respectively. 

Then we have: 

Proposition 3.1 {Classification of contact stable germs). Let f : {N,xo) — *■ 
y^2n+i integral map-germs of corank at most one. Then the following 

conditions are equivalent: 

(cs) / is contact stable. 

(hcs) / is homotopically contact stable. 

(ics) / is infinitesimally contact stable. 

(own) / is an open Whitney umbrella. 

(ca) Rf = f*£w o,nd f is diffeomorphic {i.e. A-equivalent) to an analytic 
map-germ f : (K",0) — (K^""'"-^,0) {not necessarily integral) such that the 
codimension of the singular locus of the complexification f^ of f is greater 
than or equal to 2. 

(ct) The jet extension f'f : {N,xo) Jj{N,W) is transversal to the 

contactomorphism class off'f{xo), for an integer r > — + 1. 

The notions in Proposition 13.11 are discussed in detail along the following 
sections, in particular in ^ and in [jHl The proof of Proposition 13.11 will be 
given in ^lUl 
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Similarly to Legendre versality theorem fTlieorem l2.3p . we can show con- 
tact versality theorem, which gives an alternative proof of the equivalence of 
(hcs) and (ics). 

An integral deformation F = (fx) '■ {N x K*", (xq, 0)) W of an integral 
map-germ / : (A^, xq) W is called contact versal if any other integral 
deformation G = {g^) : (A^ x K'*, (xq, 0)) W oi f is induced from F up to 
contactomorphisms, namely if there exist a map-germ ip : (K'*, 0) (K'~, 0) 
and a family of contactomorphisms (cr^,r^),(yU G (K*,0)) such that = 
° ° ^ (^'' '^))' ^'^^^^ 9f^ix) = G{x, fi). 

F is called infinitesimally contact versal if 



Theorem 3.2 An integral deformation F : {N x K'",(xo,0)) W of an 
integral map-germ f : (A^, xq) ^ W of corank at most one, is contact versal 
if and only if F is infinitesimally contact versal. Any contact versal deforma- 
tions of f with the same number of parameters are contactomorphic to each 
other. An integral map-germ f : {N, xq) —>■ W of corank at most one has 
a contact versal deformation if and only iftf{V]\f) -\-wf{VHw) is of finite 
codimension over K in VI f. 

4 Lie derivative. 

Let A^, W be manifolds, and f : N —>■ W a mapping. A mapping v : N —>■ TW 
is called a vector field along f or an infinitesimal deformation of /, if ttov = f, 
for the projection vr : TW — > W. We denote by Vf the module of all vector 
field along /. By the fiberwise addition and scalar multiplication on TW, Vf 
turns out to be a module over the function-algebra £n on A^. 

It is easy to see that there exists a one-parameter deformation F : U —>■ W 
of / defined on an open neighborhood f/inA^xKofA^x{0} = A^ such 
that -F|Arx{o} = /• We write as F = (Ft) so that Fq = f. Then we define, for 
a differential p-form a on ly, a differential p-form L„a on A^ by 




dt 



t=o 



F^a. 
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For this, see also p.225. Then L^a does not depend on the choice of F 
but depends only on v. We call L^a the Lie derivative of a by f. Moreover 
we define the interior product i^a, that is a differential (p — l)-form on N by 

for vector fields Zi, . . . , Zp_i over N. 

Example 4.1 Let = TW and / = vr : TW W. We regard the identity 
map 1 : TW — TW as a vector field along vr. Then, for a j9-form a on W, 
we have defined the p-form Lia and [p — l)-form iia on TW. □ 

Lemma 4.2 VFe have the following fundamental formulae: 



(1) 


iy{Xa + fiP) 


= X{iya) + fi{iyP), 


(2) 




= (rA)M) + (/»M), 


(3) 




= iv{da) + d{i^a), 


(4) 


Ly{a A 13) 


= A /*/? + /*« A 


(5) 


iy{a A P) 


= M) Ar/? + (-i)7*«AM) 



Here u, v are vector fields along a mapping f : N ^ W , A, /i are functions 
on W , a, (3 are differential forms on W, and a is an r-form. 

In particular, we refer (3) as the Cartan type formula: Ly = diy + i^d. 

Proof: (1) and (2) are straightforward from the definition. The proof of (3) is 
given in |15| Lemma 3.3. (4), (5) are easily proved similarly to the ordinary 
case W = N and / is the identity mapping. □ 

The following formulae are proved from the definitions in the straightfor- 
ward way. 

Lemma 4.3 Let f : N ^ W be a mapping, v : N' ^ TN a vector field 
along a mapping N' ^ N , w : W ^ TW' a vector field along a mapping 
W W' , a a differential form on W and a' a differential form on W' . 
Then we have 

(i) L^ofa' = f*{Ly,a'), Lj^^a = Ly{f*a), 

(ii) iyjofa' = f*{iYa'), if^^a = iy{f*a). 

Here w o f is the pull-hack of w by f , and f^v is the push-forward of v by f : 
{w o f){x) = wifix)), (x G N), if,v)ix') = fM^')), i^' e N'). 
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In particular we have 



(i') LvofOi = f*{LYa) 
(ii') lYofOi = riiya), 



Lf,x(y = Lx{f*(y), 
if^xa = ix{f*Oi), 



for a vector field X over N , a vector field Y over W , and for a differential 
form a on W . Here Y o f is the pull-back of Y by f , and /*X is the push- 
forward of X by f . 

Then the fundamental concept of this paper is introduced as follows: 

Proposition 4.4 Let W be a manifold and a a differential form on W . 

(1) There exists a unique differential form a on TW such that, for any 
vector field X : W ^ TW over W , X*a = Lxa holds. 

(2) Moreover, a of (1) satisfies v*a = L^a, for any vector field v : N ^ 
TW along a mapping f : N ^ W . 

(3) da = da and f*a = {f^)*{a), where /* : TN —>■ TM is the bundle 
homomorphism defined by differential of f . 

In fact, we have a = Lia. We call a the natural lifting of a. The notion 
of natural liftings is first defined, even for general tensors, in [30j[31j in a 
different manner: This fact is pointed out to the author by H. Sato. Though 
our construction is limited to differential forms, it seems more direct and 
useful for the infinitesimal study of differential systems. We are going to 
apply, in this paper, the notion of natural liftings for the infinitesimal study 
of stability of integral mappings in contact geometry. 

Proof of Proposition \4-4\ ' (1) We set a = Lia, for the identity mapping 
1 : TW TW. Then X*a = X*Lia = Li^xa = Lxa. Similarly we have 
(2). Let, for another (3, X*(3 = X*a, for any vector field over W. Then, 
for any z G TW and any v G Tz{TW) \ K, there exists a vector field X 
over W and u G T^(z)W such that X^,{u) = v. Here vr : TW W the 
canonical projection and K is the kernel of vr* : T^iTW) T^(2)Vr. Then 
{p,v) = {X*P,u) = {X*a,u) = {a,v). Thus /5 and 5 coincide on T^(TVr)\K 
thus on Tz{TW), the linear-hull of Tz{TW) \ K, for any z G TW. Therefore 
13 = a. (3) follows from the uniqueness of the natural lifting of da and f*a: 
For example, X*(/*)*(5) = (/*X)*(5) = Lf^xa = Lx{f*a), for any vector 
field X over A^. □ 
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Example 4.5 Let M a symplectic manifold, and uj the symplectic form on 
M . Since uj is non-degenerate, uo induces an isomorphism TM = T*M. 
On the other hand, T*M is endowed with the canonical symplectic form 
d9M, which is independent of the symplectic structure of M. Therefore cIOm 
is regarded as a symplectic form on TM. This coincides with the natural 
lifting u). 

Example 4.6 Let {p,q,r) be a Darboux coordinates of {W,D) at a point 
Wq G W. Then the standard contact form a = dr — pdq gives the contact 
distribution D C TW. Let {p,q,r;(j),^,s) be the induced local coordinates 
of the tangent bundle TW; (0, ^, s) being fiber coordinates. Then we have 

a = d{s — pC,) + C,dp — (pdq. 

Remark that 5 is linear in the fiber coordinates (0, ^, s). 

In general we have 

Lemma 4.7 Let f : N —>■ W be a mapping, and a a differential form on 
W . Then, for Vi,V2 G Vf, we have i^^+^jO = iv^a + iv2C>^, O'^'^d {yi + V2)*0i = 
via + V2a. 

Proof: The first equality follows from the definition of interior product. The 
second equality follows from Proposition 14.41 (2) and the Cartan's formula 
= di^ + i^d. □ 

The notion of natural liftings is defined also for differential systems. Let 
W he & manifold and Vt the sheaf of differential forms on W . A subsheaf 
J C is called a differential system on W if it is a rf-closed ideal of the 
differential algebra fi, namely, if, for any section a of J and for any section (3 
of VL (defined on the same open subset of W), a /\[3 and da are sections of /. 
Let 5 be a set of differential forms on open subsets of W . Then the differential 
system {S) generated by 5* has the stalk {S)x, for each x G W , consisting of 
the functional linear combination of elements ax A (3x and dax A (3x, for those 
a & S and differential forms (3 defined over x. 

For example, a contact structure D C TW on W may be defined also 
as the differential system generated by local sections of D-^ C T*W, local 
contact forms compatible with D. 
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Let / be a differential system on W. Then the natural lifting J of / is 
defined as the differential system on TW generated by the natural liftings 
a of all sections a of /. If f : N —>■ W is a mapping, then /*/ denotes the 
differential system generated by f*a for all sections of /. Then we have by 
Proposition 14.41 (3): 

Lemma 4.8 Let I be a differential system on W . Then f*I = (/*)*(/), 
where /* : TN TW is the differential mapping of f . 

5 Contact Hamilton vector fields. 

Let {W, D) be a contact manifold, and a a local contact form representing 
D. There does not necessarily exist a globally; a can be taken over an open 
subset of W where the contact distribution D is co-oriented. A vector field 
X over W is called a contact vector field if the Lie derivative Lxa = fia for 
a function /i, namely if X preserves the contact distribution D. 

Deleting W if necessary, we assume a contact form a is taken over W. 
Let H : W he a function. Then there exists a unique contact vector 

field X = Xh over W with the condition ixd = H . The contact vector field 
Xh is called the contact Hamilton vector field with Hamilton function H. 

li a = dr — J2'i=iPi^1iy then X^ is explicitly given by 



Conversely, any contact vector field is locally a contact Hamilton vector 
field with some Hamiltonian function. 

Associated to a contact form a, we define the Reeb vector field R by 

ina = l,iRda = 0. Note that, since a is a contact form, R is characterised 

d 

uniquely. If a = dr — pdq, then R = —. Then we have: 

or 

Lemma 5.1 Let a be a contact form on W , and H : W K. a function. 
Then we have 

(1) LxhC( = R{H)a and ix^da = R{H)a — dH. 

(2) Let rj be a vector field on W . If irjda = 0, then rj = {i^a)R. 




(3) Xi = R. 
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Proof: (1) The first equality holds for a system of coordinates {p,q,r) with 
a = dr — pdq. Remark that and R are defined intrinsically from the 
contact form a. The latter equality follows from Lx„o. = ixH^c^ + dix^a = 
ix„da + dH. (2) Set rj' = rj — {irja)R. Then in'da = and ir,'a = 0. 
Therefore rj' = 0, and we have r] = {irja)R. (3) By (1), we have ix^da = 0. 
Since ixi^ = 1, we see Xi = R. □ 

We have the following formula for the contact Hamilton vector field with 
the sum (resp. product) of two contact Hamilton functions: 

Lemma 5.2 For functions K,H on W , we have 

Xr+h = Xk + Xh, 

Xkh = K ■ Xh + H ■ Xk - (KH) ■ R = K ■ Xh + H ■ Xk - (KH) ■ X^. 
In particular, XaH = o-Xh, {a G K). 

Proof: The first one is clear. To show the second equality, we set r] = 
K-Xh + H-Xk- Xkh- Then 

i^da = K{R{H)a - dH) + H{R{K)a - dK) - {R{KH)a - d{KH)) 
= {KR{H) + HR{K) - R{KH))a = 0. 

Moreover, z^a = KH + HK — KH = KH. Therefore, by Lemma I5.H 
r]={KH)-R = {KH)-Xi. □ 

We denote by VHw the vector space of contact Hamilton vector fields 
over W and by Ey/ the K-algebra of functions on W . Define a linear map 
$ : £y/ VH\Y by ^{H) = Xh- Then $ is an isomorphism of vector 
spaces. Therefore VHyr is endowed with £^vK-module structure induced from 
$, namely, K * Xh = Xkh- Here, we distinguish this new functional mul- 
tiplication, using *, with the ordinary functional multiplication in Vw, the 
£^VK-module consisting of all vector fields over W. 

In term of the local coordinates p, q, r of {W, Wq) with a = dr — "^^^^ Pidqi, 
we define the order of function-germs h = h{p, q, r) G £w by setting 

weight(pj) = weight(gj) = 1, (1 < i,j < n), and weight(r) = 2; 
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namely, ord(/i) > r if the Taylor expansion of h has no monomials of weight 
< r. We set :— {h E Sw \ ord(/i) > r}. 

If T : (VF, wq) {W, Wq) is a contactomorphism, then ord(/ioT) = ord(/i). 
Then we can define, on the local ring 8wi the filtration 

£w ^ "^{J.^ D m{J' D • • • D m[j^^ D • • • . 

Note that 

miJr^ C C m{^\ (r = 0, 1, 2, . . . ). 

In particular C m[^^ C mvK- 

In the £vK-Kiodule l^ifvt' introduced above, we have 

2 (2) 

rriy^ * V^-f^iy C H mwVw — rn)^ * VHw- 

Let n : W ^ Z he a, Legendre fibration. Then a contact vector field X 
over 1^ is called a Legendre vector field if, X is lowerable, namely, if there 
exists a vector field Y over Z such that t7r{X) — w7r{Y) as vector fields along 
TT. Then easily we have: 

Proposition 5.3 Let (pi, . . . gi, . . . , r) be a Darboux coordinate, so 
that a = dr — pdq. Then a contact Hamilton vector field X^ with Hamilton 
H = H{p, q, r) is a Legendre vector field if and only if H is an affine function, 
namely, H is of form 

H{p, q, r) = ao{q, r) + ai{q, r)pi H h a„(gf, r)p„ 



We denote by VLw ~ VL{w,-n)-, the totality of Legendre vector fields over 
W with respect to tt. 

6 Infinitesimal deformations. 

Let / : (iV, Xq) — be an integral map-germ. The space of infinitesimal 
integral deformations of / is, at least formally, given by 

VI f = {v : (TV, xo) ^TW \v*a^O, nov^ /}, 
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where tt : TW W is the natural projection, and a is the natural lifting to 
TW of a contact 1-form a locally defining D near wq = /(xq) G W. 

Recall that VHw denotes the ^v^-module of contact Hamilton vector 
fields over W. Define a linear mapping wf : VHw — ^ Vlf by wf{H) = 

For V G Vlf, we call i^a G Sn the generating function of f . The linear 
mapping e : Vlf Rf is defined by taking generating function. Here 

Rf := {heSN\dhe SNd{f*£w)}. 

In local coordinates, we have e{v) = s o v — ° /)(^ ° 

= v*a = d{e{v)) + Y,i^ o v)d{p o /) - ^(0 o v)d{q o /). 

Therefore e(f) G i?/. Note that Zi,(Aa;) = (A o f)i^a. 

We see the mapping e is surjective. In fact, for any h G Rf, dh is a. 
functional linear combination of the exterior derivatives of components of /. 
Since / is integral, r o / is a functional linear combination of d{pof), d{qof), 
and so is dh. Therefore, choosing ^ov,ipov and sov properly, we get v G Vlf 
with e(f ) = h. 

Note that 

Lemma 6.1 We have ix^ofOt = f*{ix„C() = f*H . Therefore the generating 
function of Xh ° f is equal to the pull-back f*H of the Hamiltonian function 
H. 

We need a result proved in page 222 of P^j : 

Lemma 6.2 Let f : (A^, a;o) -^W he of corank < I. If 
Rf := {ee£N\dee £Nd{f*£w)} 

is a finite £w-i^odule if and only if f is a finite map-germ, namely, £n is a 
finite £w-'>TT'Odule via f* : £w — > £n- 

Now set Vl'f = Ker(e : Vlf Rf). Then we have the exact sequence of 
vector spaces: 

— > Vn — > Vlf ^ Rf — ^ 0. 
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Remark that i?/ C £^Ar is an £^vy-submodule via /* : 8w 8^. 

Now, in Vf, the £^iv-module consisting of vector fields along /, we have 

VI'j = {v E Vf \ i^a = 0, ivda = 0}, 

and VI J C Vf is an £^Ar-submodule, therefore, an £^vK-submodule via /*. 

To proceed algebraic calculation, we are going to provide also Vlf a 
module structure. 

As in the previous section, we denote by Xh the contact Hamilton vector 
field with Hamilton function H. 

Proposition 6.3 Vlf is an Ew-module by the multiplication 

H*v = rH-v + M{Xh -H-R)of, 

for H G Sw,v G Vlf. The multiplication is independent on the choice of 
contact form a, but it depends only on the contact structure (and on II,v). 
Moreover the sequence 

— >VI'f — > Vlf ^ Rf — > 

is £w -exact. 

Remark 6.4 For a constant function c, we have Xc = cR and c*v = cv. 

To verify Proposition \(r).li\ we need several lemmas: 
Lemma 6.5 iH*v<^ = f*H ■ i^a. 

Proof: Since i{HR-XH)ofOi = f*{iHR-XH(^) = f*{HiRa - ixn'^) = f*{H - 
H) = 0, we see iH*vOi = if*H vOi = f*II ■ ivOi. □ 

Lemma 6.6 Set a' = Xa, for a non-vanishing function A. Then i^a' = 
f*Xiya for any vector field along a mapping f : N ^ W . If we denote by 
R',X'fj the Reeb vector field and the contact Hamilton vector field of H with 
respect to a' , respectively, and if f : N ^ W is integral, then 

(X'h - HR') o / = |1(Xh -HR)^o f. 
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Thefore we have 

MiX'H - HR!) o / = {i,a){XH - HR) o /. 

Proof: That i^a' = f*Xi^a follows by Lemma [4.21 (1). 

Set u = {X'jj- HR') of andv= ^ji^n - HR)^ o /. Then, by Lemma 

14.31 iuCt' = ix'jjofC(' — i(HR')ofC(' = f*H — f*H = 0. Similarly we have i^a = 0. 
So we have i^a' = {f*X){iv<y). 

We will show iuda' = i^da' = f*{—dH). Then, since a' is a contact form, 
we have u = v. 

Now in fact, since / is integral, we have f*a' = f*a = 0, and therefore 
we have, by Lemma f5. 11 

iuda' = f*{ix'„-HR'da') 

= f*{R'lH)a' -dH - HiR^da') 

= f*{-dH). 
iyda' = {f*X){ivda) + iv{d\ A a) 

= f*{ix„-HRda) + {iydX)f*a - {iya)f*{d\) 

= f*{R{H)a-dH) 

= f*{-dH). 

□ 

Remark 6.7 The terms {iya)XH o / and {iva){H ■ R) o f do depend on 
the choice of a. Just the difference is intrinsically defined as seen in Lemma 
EB 

Proof of Proposition \6.^ We compare 

[KH) * V = f*{KH) ■ V - {i,a){KH ■ R - Xkh) o / 

with 

K*{H*v) = f*K{f*H-v-{t,a){H-R-XH)of)- (z^^a) (TT • i? - X^) o /. 
By Lemma [6. 5t the right hand side of the latter equals to 

f*{KH) ■ V - {i,a){2KH ■ R - KXh - HXk) o /, 
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which is equal to the right hand side of the former, by Lemma IF!^ By Lemma 
16.51 e is an f^vy-epi^iorphism. By Lemma we see the multiphcation 
depends only on the contact structure. The remaining parts are clear. □ 

The following is a consequence of Proposition l6.3l Lemma [6. H and Propo- 
sition 15.31 

Lemma 6.8 // we set 

VH'^j = {Xh e VHw I o / = 0}, 
then we have an £y/-exact sequence, 

VI}/wf{VH{^j) ^ VIf/wf{VHw) ^ Rf/Sw ^ 0. 
// we set 

VL'^j = {XHeVLw\Hof = 0}, 
then we have an £z-exact sequence, 

n 

^ VI'f/wf{VH{^j) ^ Vlf/wfiVLw) ^ Rf/{Ez + J^i^zfe o /)) ^ 0. 

i=l 

Let / : (A^, Xo) {W,Wq) be an integral mapping. We define an £w- 
homomorphism t/ : Vat — > Vlf by := f^{^),C, G Vat. 

Lemma 6.9 Let f : {N,xq) — » {W,Wo) be an integral map-germ. Then 

tfiy^) c vi'f. 

Proof: Take ^ tfi^N)- Then we have e(/*(,^)) = if,(^)a = i^f*a = 0. 

□ 

Under a condition, the converse inclusion holds: 

Proposition 6.10 Let f : {N,Xq) {W,Wq) be an integral map-germ. 
Suppose that f is diffeomorphic to an analytic map-germ f : (K", 0) — *■ 
(K^"+^,0) {not necessarily integral) such that the codimension of the singu- 
lar locus of the complexification f^ of f is greater than or equal to 2. Then 
we have VI'^ C tf(y^). Therefore we have an isomorphism of £w -'modules 

VIf/{tf{Vr,)+wf{VHw)} = Rf/£w, 
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and an isomorphism of Sz-modules 

n 

VIf/{tf{VN) + wfiVLw)} = Rf/{Ez + J2 E^iP^ ° /))• 

1=1 



Proof: Let veVI'f. Set 

V ={?<=> f,q° f,r o f;(f)OV, ^ov, so v). 

Then, since e{v) = s o ti — ^(p o /)(^ o ti) = 0, we have 

n n 

° v)d{p, o /) - ^(0, o v)d{q, o /) = 0. 

i=l 1=1 

This means, for any regular point x G (K",0), that v{x) G -D/(a;) and v{x) 
belongs to the skew orthogonal complement to /^.(T^K") with respect to the 
symplectic structure Yll=i dpiAdqi on D. Therefore we have v{x) G /,,(Tj,K"). 
Since / and /' are diffeomorphic, any vector field in Vl'jr is transformed to a 
vector field along /' which is tangent to the image of /' off the singular locus 
of f. 

Let V G V/^. This means that v : (C",0) j^(j2n+i jg ^ holomorphic 
vector field along : (C",0) (C^""'"^, 0). Suppose, for each regular point 
X G (C", 0) of /c that v{x) G f'(^^{TxC^). Then we can find a vector field w 
over C"\Sing(/^) satisfying v = (/c)*('W^) on C"\Sing(/Q), where Sing(/^) 
is the locus of singular points of f^. Since Sing(/^) is of codimension > 2 
in C", w extends to a holomorphic vector field on (C", 0) still called w, by 
Hartogs theorem. Then we have v = fQ^{w). This proves that Vl'jr C tf{Vi^) 
in the case K = C. 

In the case K = R, we set T C Vfi as the set of vector fields along /' 
such that, for each regular point x G (R", 0) of /', v{x) G /^(T^R"). 

Take v E T. Suppose v is real analytic. Then considering the com- 
plexification of f , we see that there exists a real analytic w E Vn such that 
V = fliw) over (R",0). This means that T is generated formally by 
in the sense of P2|, and, by Whitney's spectral theorem, we have that T is 
contained in the closure of tfiVn) for a representative of /'. Since tfiVn) 
itself is closed, we see T C tfiVn). This shows that VI j C tfiVjy). 
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The remaining parts are clear. 



□ 



We call / infinitesimally contact stable if 

VIf = tf{VN)+wf{VHw). 

Then we have: 

Corollary 6.11 Let f : {N,xo) {W,Wo) be an integral mapping. Then 
the condition {ca) of Proposition UHl implies that f is infinitesimally contact 
stable, namely the condition (ics). 

Proof: Since Rf = f*Ew, we see = Rf/Sw = VIf/{tf{VN) + wf{VHw)}. 
Therefore we have Vlf = tf{VN) + wf{VHw). □ 

Lemma 6.12 // an integral map-germ of corank at most one f : (A^, Xq) — »• 
W is infinitesimally contact stable then f is a finite map-germ. 

Proof: By taking generating functions of both sides of the equality Vlf = 
tfi^N) + wfiVHw), we have Rf = f*£w- Therefore Rf is a finite £w- 
module. Therefore, by Lemma f6. 21 we see / is finite. □ 

Let {ft) be an integral deformation of /. To show / is homotopically 
contact (resp. Legendre) stable, we need to find a deformation (cxt) of id a? and 
an integral deformation (rj) of id^y (resp. an integral deformation of idvK 
covering a deformation [ft) of id^ via tt : W ^ Z) satisfying rf'^ o ft°crt = f ■ 
For this, it is sufficient to solve dft/dt = r]t o ft - T ft o ^t{= wft{T]t)-tft{^t)) ■ 
X K ^ TW with ^t e Vn and r]t G VHw (resp. rit G VLw), (cf. [25^). 

For an unfolding F = {ft,t) : N x J ^ W x J , t G J = (K, 0), we set 

VIp/j = {v:N X J ^TW I VtE VIf„ t G J}. 

If (ft) is an integral deformation of /, then we have {dft/dt)t(zj G VIp/j. We 
define an £^vyx j-module structure on VIp/j by 

at*vt = {ft at) ■ vt + {ivta){Xat - at ■ R) o ft, 

for Vt G Vlp/j.at G £wy.j- Compare with Proposition 16.31 Then we have 
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Corollary 6.13 // / is finite and of corank at most one, then the quotient 
VIp/j is a finite Swxj-i^odule. 

Now assume / is integral and ft is an integral deformation of /. We define 
tF/J : Vn ^ VIp/j hyv^ {tft{v))t^j. We set 

Sf,j = VlF,j/{{wF/J){yHw) + (tF/J)(V^)), 

which is an Ew^j-vnodvXe, and set 

Sf = vij/{wf{yHw) + tf{yM)). 

which is an £^vK-module. Then we have: 

Lemma 6.14 The quotient Spp /mjSF/j is isomorphic to Sf as an Sw- 
modules. 

Proof: Consider the morphism $ : Sp/j Sj defined by = [ft|f=o]- 

We will show that the kernel of $ is equal to mjSp/j- Let Vt G VIp/j- 
Assume Vt\t=o = wfijj) + tf{C,), for some ^ G V^, rj G VIw Set Wt = 
f^t — wftirf) —tftiO- Then Wt\t=o = 0. Therefore Wt = tw[, for some w'^ G Vf^. 
We see li^iw^) G VIg^. Here = 11 o is the family of isotropic map-germs 
induced from ft- In fact Ii^{wtf = tll^{w'i-) and so = (Jl^(wty)*d9T*Q = 
tmiio'tfydOT^Q. Thus {U^{w[fyd9M = 0. This means w'^ G Vlf^. Since 
x-derivative of t is equal to zero, we have Wt = twt = t*w[ and [vt\ = [wt] = 
t[w[] G mjSp/j. □ 

7 Relation to Isotropic Mappings. 

Let Q be a manifold of dimension n. Then T*Q x K = J^((5,K) C 
PT*{Q X K) has the canonical contact structure, whereas T*Q has the 
canonical symplectic structure uj = dOq, dq being Liouville form on Q, 
— J2^=iPi^1iy f*^^ ^ system of local symplectic coordinates. A contact 
form on T*Q x K is given by dr — 6q, for the coordinate r on K. 

Let g : N T*Q be a mapping from a manifold of dimension n. 
Then g is called isotropic if g*u = 0. The singularities of isotropic mappings 
of corank at most one is studied in J3] in detail. In particular, we have 
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a series of singularities, "open Whitney umbrellas", which are symplectic 
counterparts of objects we have introduced in this paper. 

Two isotropic map-germs g : {N^xq) T*Q and g' : {N,Xq) T*Q 

are called symplectomorphic (or symplectically equivalent) if there exist a 
symplectomorphism 

T:{T*Q,gixo))^iT*Q,g\x',)) 

and a diffeomorphism a : (A^, Xq) — > (A^, x'q) satisfying t o f = f o a. Then 
we call also the pair (a, r) a symplectomorphism between (7 and g' . 

Let / : (A^, Xq) — > T*(5 x K be a map-germ. Set g : (A^, Xq) T*Q to be 
(7 = Ho/, where 11 : T*(5 x K — >^ T*Q is the natural projection along the 

d 

flow of Reeb vector field — . 

or 

Then we have by [T^ : 

Lemma 7.1 (1) / is an integral map-germ if and only if g is an isotropic 
map-germ. 

(2) If g = Ilo f and g' = Ho f are symplectomorphic, then f and f are 
contactomorphic. 

(3) Rf = Rg. 

(4) / is an open Whitney umbrella of type k {as an integral map-germ) 
if and only if g is an open Whitney umbrella of type k (as an isotropic map- 
germ). In particular, f is a Legendre immersion if and only if g is a Lagrange 
immersion. 

Remark 7.2 The converse of (2) of Lemma mi does not hold in general. For 
example, consider integral map-germs fx '■ (K, 0) — > (K'^,0),A > defined 

by git) = {t\ f + Xt^ Atio + l.xtny Then gx = nof,: (K, 0) ^ (K^, 0), 

gx(t) = (t^, -l- At^) is not symplectomorphic to gy if A' 7^ A, while all fx are 
contactomorphic to each other ( jl8j|17j ). 

Set W = T*Q X K. The projection U : W ^ T*Q induces the projection 
n^. : TW — > T{T*Q)] by using local coordinates, it is given by 

n*(p,g,r;0,^, s) = (p,g;0,O- 
Then 11^, induces K-linear mapping : Vf ^ Vg by Il^{v) = 11* oti, (ti g Vj). 
Now we observe the following: 
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Lemma 7.3 11^ restricts to a 'K-linear epimorphism 11^ : Vlf — > VIg, to 
an Sn- isomorphism : VI'j: —>■ Vl'g and St* q- epimorphism : Vlf — *• 
VIg/wg{VHT*Q) over the ring morphism U* : £t*q ^w- Furthermore we 
have the following commutative diagram which consists of exact sequences: 



^ ^/(^W,,) ^ wf{VH'^) ^ /*L ^ 
^ VI'j Vlf ^ Rf ^0 



^ Vrg/wg{VH'^,Q^g) ^ VIg/wg{VHT*Q) A Rg/g^Sr^Q ^ 

GO 

d 

The kernel of H* is generated byRof = — of over R. 

or 

Id \ 

Proof: We show that Kerfnu) = ( ° f ) ■ Let v = (p o /, g o /, r o 

\dr 

f; 0, e, s) e Vlf. Recall that - {p o /)0 + ^d{p o /) - o /) = 0. 
Suppose that 11^, o y = 0. Then ^ = 0, = 0. Then we have ds = 0. Thus s 
is constant. The remaining parts are clear. □ 

We have also 

Lemma 7.4 For any rj G VHt*q {resp. rj G VLt*q), there exists an rj & 
VHiY {resp. rj G VLi^), such that Il^wfirf) = wg{ri). Here wfijf) = rj o f 
and wgirf) = rj o g. VLt*q means the set of Lagrange vector fields of the 
Lagrange fibration T*Q Q (|15j). 

If rj E mT*Q * VHt'q {resp. rj G mq * VLt*q), then we can take rj from 
rn^ * VH\Y {resp. from m| * VLw), where Z = Q x H. 

Proof: If Tj has a symplectic Hamiltonian function H on T*Q, H{0) = 0, then 
we may set rj = Xn*//, the contact Hamiltonian vector field for the pull-back 
U*H of HhyU. □ 

Lemma 7.5 Let f : {N, xq) W = T*Q x K. be an integral mapping. If 
g = Ho f : {N, xq) —>■ T*Q is infinitesimally symplectically {resp. Lagrange) 
stable, then f is infinitesimally contact {resp. Legendre) stable. 
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Proof: Suppose g is infinitesimally symplectic (resp. Lagrange) stable. Then, 
for any v G VIj, there exist ^ G Vat and r] G VHt*q (resp. r] G VLt*q) 
satisfying n|jt> = tg{^) + wg{ri). Then we see, using Lemma 17^ 

mv-tfio-wfm = o. 

Thefore, by Lemma [721 there exists sq G R such that 

d 

d 

Thus we have v = tf{^) + wf{r] + Sq—). □ 

or 

Proposition 7.6 // / is an open Whitney umbrella, then we have Rf = 
f*£w Therefore f satisfies the condition (ca) of Proposition [Ql 

Proof: Rf = Rg = g*£z c f*£w ^ Rf- □ 

Corollary 7.7 // / is an open Whitney umbrella, then f is infinitesimally 
contact stable. Moreover we have the isomorphism 

n 

Vlf/itfiV^) + wfiVLw)) = Rf/{Ez + J2 ^^fe ° /)) 



1=1 



of Sz-T^odules via n* : Sz ^ £w- 



8 Integral Jets. 

We consider the integral jet space: 

JJ(n,2n + 1) := {jV(0) | / : (K",0) ^ (K^^+^O) integral of corank < 1}. 
Then JJ(n, 2n + 1) is a submanifold of J''(n, 2n + 1). 

Remark 8.1 The projection 11'' : J^'{n,2n + 1) — > J^{n,2n) defined by 
$''(j''/(0)) := j^(n o /)(0) induces a diffeomorphism of Jj{n,2n + 1) and 
the isotropic jet space Jj{n,2n) C J'"(n,2n) ([14 ). In fact, for any j^g{0) G 
(n, 2n), we set j''/(0) = j'^{g, e)(0), where e is the generating function of g, 
de = g*eQ,e{0) = 0. Then j7(0) G JJ(n,2n + l) and W{f f{0)) = fgiO). 
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Let / : (A^, Xq) — ^ {W, Wq) be an integral map-germ of corank at most 
one. Then we set 

VI} = {ve VI f I fv{xo) = 0} = VI f n m'^^Vf, (s = 0, 1, 2, . . . ). 

Let z = ff{xo) e JJ(n,2n + 1). Define vr^ : VPj T,r{n,2n + 1) 
as follows: For each v G VIj, take an integral deformation (ft) of / with 
dft' 



, and set 7rr(f — 



t=o dt 



. Then the image of the linear 

t=o 



dt 

map TTr coincides with TzJj{n, 2n + 1). 

Let 2; G Jf 2n + 1) and z = f f{xo) for a / : (A^, xq) {W, Wq). Then 
under the identification TzJ^{n, 2n + 1) = mj\fVf / nfj^^Vf we have 

T,j;(n,2n + 1) ^ VI^VI}. 

If we denote by C^; (resp, the orbit of z under the contactomorphisms 
(resp. Legendre diffeomorphisms) , we have 

T,rz = {{tfim^VN) + wfimg^ * VHw)) + Vrf]/VI}, 

T,Cz = {(t/(mjvVjv) + wfim^z^ * VLw)) + 

Set z = f f{xQ). For G T^qA^ © V^//, take a curve Xf in with 

the velocity vector w at t = and take an integral deformation ft of / with 

(cf. [15j, Lemma 3.4), and define a linear map 

t=o 



dt 



n, : T^N © VI f T,r{N, W), 

by 



\t=0- 



dt 

Then n^(ToA^ © Vlf) = TJ'j{N, W) and KerH^ = {0} © VI}. Moreover we 
have, for the Legendre equivalence class, 

[z] = {ff'{x) I a; G A^, /'is Legendre equivalent to /} 

in rj{N,W), 

TM = n.(T,.„Ar © (t/(mjvV^) + wf{VLw))). 
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For the jet extension ff : {N,xo) — > Jj{N,W), we have 

Lemma 8.2 The transversality condition (t^) is equivalent to the condition 
VI f = tfiVj,) + wfiVLw) + VI}. 



Proof: The condition (t^) that j^f is transverse to [z] = \j^f{xo)] at xo is 
equivalent to the condition 

iffUT^oN) + T,[z] = j;(iV, W), 

and to the condition that 

{Ur)-\{ffUT,,N)) + T,,N © {tfirriNVN) + wfiVLw)) + {0} © VI} 

coincides with T^f^N © VI f. This condition is equivalent to that 

VI f = (/*(^), ■ ■ ■ , /*(^))k + tfim^V^) + wf{VLw) + VI}, 
namely that 

Vlf = tf{VN) + wfiVLw) + VI}. 

□ 

Similarly we have the following: 

Lemma 8.3 The condition that f f is transverse to the contactomorphism- 
orbit through j'^f{xo) at Xq is equivalent to the condition 

VI f = tfiVr,) + wfiVHw) + VI}. 



Moreover the transversality condition on j^f implies that / is an open 
Whitney umbrella: 
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Proposition 8.4 Let f : {N, xo) — > {W, Wq) be an integral map-germ of 
corank < 1, and k a non-negative integer. If the k -\- 1 extension j'^^^f : 
{N,xq) — » J^^^{N^W) is transverse to the contactomorphism-orbit through 
j^'^^f^xo), then f is an open Whitney umbrella of type < k. 

Proof: Since / is an integral map-germ of corank < 1, / is contactomorphic 
to /' : (K", 0) ^ (K2"+i, 0) with 

(p := (gi, . . . ,gn_i,g„,p„) o /' = (xi, . . . ,Xn-i-,u{x),v{x)). 

Since /' is contactomorphic to /, also j^+^f : (K", 0) ^ J^+\K^,K^''+^) 
is transverse to the contactomorphism-orbit through j'^~^^f'{0), therefore to 
X:-orbit through j'^+V'(0). Then we see j'^+V : (K", 0) ^ J^+i(K", K"+i) 
is transverse to /C-orbit through j*^"'"^<^(0). Then /' is an open Whitney 
umbrella of type < k. Therefore / is an open Whitney umbrella of type < k. 
□ 

For an n-dimensional manifold N and a contact manifold W of dimension 
2n + 1, we set 

Cf{N, Wy :^ {f : N \ f is integral of corank < 1}. 

We endow C'f{N, Wy with the relative topology of the Whitney topol- 
ogy of C°°{N, W). Then we have the following Legendre transversality the- 
orem: 

Proposition 8.5 Let r be a non-negative integer and U a locally finite family 
of submanifolds of {N, W) . Then 

Tu := {/ e C^(N, Wy I ff is transverse to all of U} 

is dense in C]°{N, Wy. 

9 Finite deter minacy. 

Lemma 9.1 Let f, f : {N,xq) ^ W be integral map-germs. If f is an open 
Whitney umbrella of type k and j^^^f'{xo) = j^^^f{xQ), then f is an open 
Whitney umbrella of type k. 
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Proof: By definition there exist a contactomorphism {a, r) such that r o / o 
cr^^ = fn^k, the normal form. Set /" = r o /' o a~^. Then j^~^^f"{xQ) = 
j'^^^fnA^o)- Set V? = {qi, ■ ■ ■ ,qn-i,qn,Pn) o f" ■ {N,xo) K''+^ and 
V^n.fc = {qi, ■ ■ ■ ,qn-i,qn,Pn) o fn,k- Then j^+Vla^o) = j''"^Vn,fc(a;o)- Now 
j'^if : (A^, xo) — > J^{N, K""'"-'^) is transverse at xq to Thom-Boardman strata as 
well as j'^(pn,k is- In [13], we have shown that g" = {q,p) o /" : (A^, a;o) —>■ K^"' 
is symplectomorphic to gn,k = {q,p) ° fn,k- Then /" and fn,k are contacto- 
morphic. Since / and /" are contactomorphic, we see / and fn,k are contac- 
tomorphic, therefore / is an open Whitney umbrella of type k. □ 

An integral map-germ / : {N,Xq) {W,Wq) is called r-determined by 
contactomorphisms if, for any integral map-germ /' : (A^, Xq) — > (W, Wq) with 
j^fi^o) = j^fi^o), f and /' are contactomorphic. 

Let 71 : (W, wq) — > {Z, zq) be a fixed Legendre fibration. An integral map- 
germ / : (A^, xo) — ^ {W, Wq) is called Legendre r-determined if, for any integral 
map-germ /' : {N,xo) {W,yo) with ff'{xo) = ff{xo), then (/', tt) and 
(/, tt) are Legendre equivalent. 

Then we have: 

Lemma 9.2 An open Whitney umbrella of type k is {k + l)-determined by 
contactomorphisms. 

Proof: Suppose / is an open Whitney umbrella of type k. Let /' : (A^, Xq) — >■ 
W be an integral map-germ with j^^^f'ixo) = j^^^fixo). Then /' is also 
an open Whitney umbrella of type k. Therefore both / and /' are contac- 
tomorphic to the normal form fn^k- Thus / and /' are contactomorphic. 
□ 

Lemma 9.3 Let f : {N, xq) (W, yo) be an open Whitney umbrella. Sup- 
pose that f is infinitesimally Legendre stable, namely that 

VIf = tf{VN)+wf{VLw). 
Take a positive integer r satisfying 

f*8wnnf^^<Zf*mJ^\ 

Then we have 
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(1) Rf = f*£w is generated as Sz-module 6y o /, . . . ,p„ o / . 

(2) m'^'Rf C mzRf. 

(3) VI} C tfirriNVN) + wf{VLw n mg^ * VHw). 

(4) / is Legendre r- determined. 

Proof: (1) : Taking generating functions both sides of VI f = tfiVjsi) + 
wfiVLw), we have 

Rf = (l,pio/, ...,p„o/)£^. 
Moreover, since / is an open Whitney umbrella, we have Rf = f*£w (Lemma 

ED. 

(2) : Set Qf '■= Rf/mzRf. Then Qf is generated by o /, . . . o / 
over K. Therefore dimxQ/ < n + 1. Considering the sequence 

Qf D mwQf ^ ■ ■ ■ ^ rn'^^Qf, 

and using Nakayama's lemma, we have rn^^Qf = 0. Therefore we have 
m'^^Rf C mzRf. 

(3) : Let v G VI}. Then the generating function e{v) = i^a of v belongs 
to nm^^^ Now 

rSw n m^/i C rim^') C mzrmw. 

Therefore there exist functions ai, . . . , G niz and bi, . . . ,bs G m^y such 
that 

e(t;) = (ai6i H h a^fts) o /. 

For each bj o /, there exist Cjo, Cji, . . . , cjn G Sz satisfying 

f = CjO ■ 1 + O /) H h Cjn(p„ o /)• 

Note that, since bj{xo) = 0, we see Cjo{xo) = 0, therefore Cjomz- Set 

/i = ^ aj(cjo + Cjipi H h Cj„p„). 

i=i 

Then h is an afiine function with respect to pi, ... ,Pn and G m^. So the 
Hamilton vector field belongs to V Lw rirn^ *V Hw C VLwCim^ *VHw 
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Then the generating function of u := v — o / is equal to zero. Then the 
vector field u is tangent to / along the regular locus of /. Since / is an open 
Whitney umbrella, / is analytic and the singular locus of the complexification 
of / is at least 2. Therefore there exists a vector field ^ G V/v satisfying 
u = (^Proposition 16 . 10( ) . So we have v = tf{^) + wf{Xh)- Remark that, 

since / is an open Whitney umbrella, the kernel of the differential mapping 
/* : T^qA^ — > T^o^ is not tangent to the Boardman strata containing xq. The 
vector ^(xo) belongs to the kernel. On the other hand ^{xq) must be tangent 
to the Boardman stratum. Therefore we have ^(xq) = namely ^ G mjvVAr. 
Thus we have 

V G tfiniNVN) + wf{VLw n m[J} * VHw). 

(4) : Let /' : {N,Xo) —^Whean integral map-germ with j''f'{xo) = 
f{xo). Note that r > n+1. Therefore /' is also an open Whitney umbrella 
of the same type as /. By the argument of Proposition 3.5 in |Tn], we can 
connect / and /' by a family of integral map-germs ft satisfying 

VII C tftimr^Vr,) + wft{VLz n mg^ * VHw). 

Thus by the homotopy method we see / and /' are Legendre equivalent. 

10 Contact and Legendre stabilities. 

First we show the following: 

Lemma 10.1 Let f : {N^,xo) be an integral map-germ of corank 

at most one. If f is contact stable then f is an open Whitney umbrella. 

Proof: Because all notions involved are local and invariant under the con- 
tactomorphisms, we may assume, by the Darboux theorem, / : (K", 0) — 
^j^2n+i^ 0), f*a = 0, a = dr — pdq and / is of corank < 1. Take a represen- 
tative f : U ^ j^2n+i q£ ^YiQ germ /. We may assume the representative is 
also integral and of corank < 1. 

Set g = {p o f , q o f) '■ U —>■ T*K". Then g is isotropic and of corank 
< 1. Here g is called isotropic if g*uj = 0, for the symplectic form uj = d{pdq) 
on T*K"'. In fact, since g*{pdq) = d{r o /) we have g*uj = d{g*{pdq)) = 0. 
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Furthermore, if there is a plane in T^-K", for some x G f/, included in the 
kernel of : T^K" ^ rg(x)r*K", then d{pi o /),c/(gi o /), (1 < i < n) 
vanish on the plane, and then also d{r o /) = d{p o fd{q o /)) vanishes on the 
plane. This means that the plane is included in the kernel of /* : T^jK" 
Tj(^.)K^""'"^. Therefore if / is of corank < 1, then g is necessarily of corank 
< 1. 

Now, by Theorem 2, (7 is approximated by an isotropic mapping 
g : U T*K"' of corank < 1 such that, at any point x & U, the germ 
of 5^ at a; is an (symplectic) open Whitney umbrella. Then there exist a 
symplectomorphism k : {T*'K"',g{x)) — >■ (T*K'^,0) and a diffeomorphism 
a : (K", x) (K", 0) such that Kogoa~^ : (K", 0) ^ (T*K", 0) coincides 
with {p o /„ fc, q o /„ fc) in g21 

Let e : (K", x) ^ K be a generating function ofgx, dlipdq) = de. Remark 
that two generating functions e, e' differ by just the addition of a constant 
function. Then {g,e) : (K",a;) —>■ K^*^"^^ is an integral map-germ and it 
is contact equivalent to fn,k by the contactomorphism (ex, r), T{p,q,r) = 
{k.{p, q),r + c) for some constant c. 

Since g is of corank < 1, if the perturbation g of g is sufficiently small, 
then we can take e on U, deleting U smaller if necessary. Then [g, e) is 
an integral perturbation of / on U, which we can take near / arbitrarily. 
Since the original germ / is contact stable, it is contact equivalent to some 
{g,e) : (K",x) —>■ K^""*"^. Thus / is an open Whitney umbrella in the sense 
of P □ 



Proof of Proposition IJ.il 

(cs) =^ (own) is already proved in Lemma flO. 11 

(owu) =^ (ics): Note that the infinitesimal contact stability is invariant 
under contactomorphisms. Let fn,k be the normal form of an open Whitney 
umbrella. Then the corresponding isotropic map-germ 11 o /^^ is an open 
Whitney umbrella as an isotropic map-germs. Then it is proved in J3] 
that n o is symplectically stable. Then by Lemma 17. 5t we see fn,k is 
infinitesimally contact stable. 

(owu) => (ca) : It follows from Lemma [7.61 

(ca) =^ (ics) : It follows from CoroUarv 16.111 
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(ics) =^ (hcs) : The condition (ics) is equivalent to that Sf = 0, which 
is equivalent to that Sp/j = mjSp/j = rriwy^jSp/j, by Lemma 16.141 By 
Corollarv 16.131 Sp/j is a finite £^m/xj- module. So by Nakayama's lemma, we 
see Sp/j = 0. Therefore any integral deformation of / is trivialised with 
respect to contactomorphisms. Thus we have (hcs). 

(hcs) =^ (ct): This follows from Lemma [8.31 

(ct) =^ (own) : It is proved in Proposition 18.41 

Thus we see conditions (own), (ca), (ics), (hcs) and (ct) are equivalent to 
each other. 

(ct) =^ (cs) : li j^f is transversal to the contactomorphism class of j^f{xo) 

TL 

for r > — + 1, then, for any slight perturbation /' of /, there exists a 

point x'q near xq such that f f intersects to the contactomorphism class of 
j^fi^o) at x'q. Since / is an open Whitney umbrella, / is r-determined by 
contactomorphisms. Therefore we see /' : {N,Xq) W is contactomorphic 
to / : {N, xq) W. Therefore / is contact stable. 

(cs) =^ (ct) : Take a representative f : U ^ W of f. Then / is approxi- 
mated by an integral mapping f : U ^ W such that j^f : U Jj{N, W) is 
transverse to the contactomorphism-orbit [j^f{xo)]. Since / is contact sta- 
ble, there exists x'q e U such that /' : (A^, x'q) — > W and / : (A^, a;o) — > W 
are contactomorphism. Then j^'f is transverse to [j^'f{xo)] = [j^f'ix'o)] at 
x'q, and therefore j^f is transverse to [j^ /{xq)] at Xq. 

□ 

Based on Proposition 13.11 now we prove the main result Theorem 12.21 

Proof of Theorem \2.'/A : 

First we show the equivalence of (hs) and (is). 

(hs) ^ (is): Let v G VI f. Then there exists an integral deformation {ft) 
of / with {dft/ dt)\t=Q = V. Since / is homotopically Legendre stable, ft is 
trivialised under Legendre equivalence: ft = rf^ofoat. Differentiating both 
sides by t and setting t = 0, we have v = {dft/dt)\t=o = tf{^) + wf{ri), for 
some ^ G Vj\f,ri G VLw. Thus we have (is). 

(is) =^ (hs): Since / is infinitesimally Legendre stable, / is infinitesimally 
contact stable. So / is an open Whitney umbrella and thus / is finite. 
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Therefore Rj is a finite £^Ar-module. Then Vlf/wfiVLy/) is a finite £z- 
module. Let ft be an integral deformation of /. Set F = {ft,t). Then 
VIp/j/ {wF/ J){VLw) is also a finite ^^zx j-module. Thus, by Nakayama's 
lemma, we have VIp/j/{{wF/ J){VLw) + (tF/ J){Vn)) = 0, similarly to the 
proof of Proposition 13.11 Therefore / is homotopically Legendre stable. 

Second we show (hs) (is)) =^ (t^) =^ =^ (a') =^ (a) =^ (is). 
(Therefore these conditions are equivalent to each other). 

(hs) =^ (tr): It is clear since the condition (t^) is equivalent to that 
Vlf = tfiV^) + wfiVLw) + VI}, 

by Lemma [8.21 

(tr) =^ i^r)'- Taking generating functions of both sides of the equality 
Vlf = t/(Viv) + wfiVLw) + VI}, 

we have 

n 

Rf = {no fySz + 5^(7r o fY£z{p, o f) + Rf n wJ^K 

i=l 

Remarking Rf = f*Sw, we have (a"). 

(a^') ^ (a'): Since Rf n C m'^^Rf, (a") implies that Rf/{mzRf + 
m?j,t^Rf) is generated by 1, pi o f . . . p„o f over K. Then we have m^j^^Rf C 
mzRf + m^v'^i?,, thereL; by Nakayama's lemma, m^^i?, C mj^. tL 
mzRf + m'^^Rf = mzRf, so we have that Rf/nizRf is generated by l,pi o 
f,...,Pnof over K, namely, the condition (a'). 

(a') =^ (a): By the assumption, and by the Malgrange's preparation 
theorem of differentiable algebras ([22]) 5 we see Rf is generated by 1 and 
pi o /, . . . ,p„ o / over £z- 

(a) =^ (is): Since / is an open Whitney umbrella, we have Rf = f*£wi 
and we have an ^^^-isomorphism V I f j {t f [V]^) + wfiVLw)) = Rfj j*{Ez + 
^YTi=\^z ■ Pi)- Thus we see (a) implies (is). 

Lastly we show (s) =^ (tr)(^ (is)) =^ (s). 

(s) =^ (tr): Take a representative f : U ^ W of f. Then / is approxi- 
mated by an integral mapping f : U ^ W such that j^f : U Jj{N, W) 
is transverse to the Legendre orbit [j'^f{xo)]. Since / is Legendre stable. 
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there exists Xq E U such that /' : (A^, x'q) W and / : (A^, Xq) — ^ W are 
Legendre equivalent. Then f is transverse to [j^f{xo)] = ^''/'(xq)] at x'q, 
and therefore j''/ is transverse to [/'"/(xq)] at xq- 

(tr) & (is) =^ (s): If j^/ is transverse to [j^f{xo)] at xq, then there exists 
a neighborhood f2 C C^(A^, VT)^ of an integral representative f : U ^ W 
such that, for any /' G j''/' is transverse to [j^f{xo)] at a point Xq G f/. 
Since f f\xQ) G [j''/(xo)], there exists an integral map-germ /" : (X, Xq) — >■ 

which is Legendre equivalent to /^^ with respect to vr and f f"{xo) = 
j'"/(xo). On the other hand, since / is infinitesimally Legendre stable, / 
is Legendre r-determined fLemma I9.3f 4)). Therefore (/", vr) and (/, vr) are 
Legendre equivalent. Thus (/^, , vr) and (/, vr) are Legendre equivalent, and 
/ is Legendre stable. 

Thus we have proved Theorem 12.21 

11 Contact and Legendre versalities. 

The basic singularity theory originated by H. Whitney, R. Thom, J. Mather, 
J. Martinet, C.T.C. Wall and other peoples, are, in particular, unified into the 
theory of geometric subgroups of ^ or /C due to J. Damon |S1 IE] [Zl- Naturally 
we try to apply the theory of differentiable mappings to our situation. The 
Damon's theory guarantees the unfolding theorem (the versality theorem) 
and the determinacy theorem for a subgroup ^ of ^ or /C acting on a linear 
subspace of map-germs S{n,p) = {/ : (K", 0) (K^, 0), C°°}, provided 
that Q and together with their "unfolding spaces" Qun, ^un satisfy several 
required conditions. 

However our space 

T ={f : (K", 0) ^ (K2"+\ 0) I / is integral of corank at most one.} 

is not linear. Therefore, we can not apply directly the ordinary theory to our 
case. 

There are two possibilities to overcome this difficulty. 

One is the reduction to the linear situations case by case. For example, the 
method of generating families, due to Hormander and Arnold, is successful 
for the study of singularities of Lagrange and Legendre immersions. Moreover 
the linear theory successfully is applied to certain non-linear spaces such as 
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spaces of solutions to non-linear partial differential equations, e.g. Hamilton- 
Jacobi equations, non-linear diffusions, and so on 0. Note that in [H] also 
results on the finite determinacy are given. 

Another is the modifying of the original theory itself. It is useful to 
find a system of axioms which guarantees the versality theorem in non-linear 
cases, since then it is sufficient to just check the system of axioms. Then 
we observe, under an additional axiom, that the same proof of the versality 
theorem in the original theory works well for the generalisation (Theorem 9.3 
of [H]). Thus we give a direct generalisation of Damon's theory to the non- 
linear situations. The generalisation is well-applied at least for Lagrange and 
Legendre singular immersions (isotropic and integral mappings) of corank 
< 1. 

We recall the theory on versal unfoldings: Groups of diffeomorphisms 
and spaces of mappings involve in the theory. Moreover we treat groups of 
unfoldings of diffeomorphisms and spaces of unfoldings of mappings. 

Let K = R or C, C°° or holomorphic. Take a group of diffeomorphisms 
Q C }C where 

fC := {h : K" x — >• K" x | fiber-preserving diffeomorphism-germs, 

w.r.t. the fibration K" x ^ K"} 

and a space of mappings J-' G S := {f : K" —>■ | map-germs}. Let f E S 
and h E K. Then, /i(graph(/)) = graph(/;,(/)) for the unique h{f) G £. We 
assume, for / G and h E Q, h{f) G JF. 

Furthermore we assume there are given a group of unfoldings of diffeo- 
morphisms Qun{r) C ICun{r) which acts on a space of unfoldings of mappings 
^un{r) C £un{r),r = 0, 1, 2, ... , with QuniO) = Q, J^„„(0) = J^. Here /Cnn(r) 
is the space of r-parameter unfoldings of elements in }C, and £un{f) is the 
space of r-parameter unfoldings of elements in £. 

First we assume J-'unij) C £unij') is a linear subspace, relatively to the 
ordinary vector-space structure on £unij), r = 0,1,2,.... Then, according 
to J. Damon, {Q ,Gun] ^, ^un) is called a geometric subgroups and subspaces 
if it satisfies the axioms: 

(1) Naturality, (2) Tangent space structure, (3) Exponential map, (4) Filtra- 
tion. 

Then Damon has shown that axioms (1), (2), and (3) implies ^-versality the- 
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orem in JF, and axioms (1), (2), (3), and (4) implies ^-determinacy theorem 
in T . See See also [7]. 

Remark that {A, Aun, £, £un), (/C, /C™; £, Sun) and (/C, JCun] £, Sun) are ge- 
ometric. Also equivariant diffeomorphisms and mappings provide examples of 
geometric subgroups and subspaces. Damon and all predecessors formulated 
the theory explicitly for linear spaces (of non-linear mappings). However 
naturally the theory works also for non-linear mapping spaces (non-linear 
spaces of non-linear mappings) in S where geometric subgroups of JC act. 

Consider non-linear J-" G S with non-linear J^un C Sun with the action of 
a Qun C /C. 

Consider the restriction Tunij" + s) — ^ Tunij) to the first r-parameters 
(resp. Tunij' + s) — > Tun{,s) to the last s-parameters) and the restriction 
^un{.f) ^ (resp. Tun{,s) T) to the origin of the parameter space: 



^un{s) > T 

rest. 

Now we pose: 

(3') Extension axiom: The natural mapping 

^ uniy + s) — >■ ^ un(^) XjF T un{s) 

to the fiber product is surjective, for any non-negative integers r, s. 

The axiom (3') states that a deformation of a / G over K*" x {0} U 
{0} X extends to a deformation over K^^'* near 0. 

By the same argument as in |j6j, we can show that, if {QiJ^) satisfies ax- 
ioms (1), (2), (3) and (3') implies that ^-versality theorem in holds, namely 
we have the infinitesimal characterization, the existence and uniqueness of 
^-versal unfoldings in JF. 

Here we show how to modify the conditions (1), (2) and (3) in ^ pp. 
40-42. 

For the naturality, we need no change: (1) For any S G Q^^{r),F G 
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-^un(^) and for any map-germ : (K*,0) — > (K.^,0),ip G £{s,r), we have 
G ^un(s) and G J^nn{s). 

For the tangent space structure, since we can not suppose TjFun = J^^^ 
in the non-hnear case, we have to modify the condition shghtly: First we 
define the extended tangent spaces TiQ^^^^^ir) and TpJ?-'un,e('") from Qnn{r + 
^),^un{r + 1) in the same way as [Hj, p. 40. Then, (2) There exists an ade- 
quately ordered system of differentiable-analytic (DA) algebras {Ra} in Sn+p 
such that Ti^un,e (resp. TpjFmj e) is a finitely generated {i?Q,,A}-niodule con- 
taining TiQun (resp. TpJ-'nn) as a finitely generated submodules, A indicat- 
ing the parameter and that, for the extended orbit mapping ap '■ Gun,e — *■ 
J^nn,e, the differential mapping (ap)* ■ TiQ^a,e TpJ^^^^^ is an {Ra,x}- 
module homomorphism. The finiteness condition is required only when 
/ = -F|k"xo satisfies dmi-K{TfT /TQef) < oo. Moreover there exist iso- 
morphisms Ti^un,e/"^ATi^un,e = TiQe, Tp J^un,e / m xTp J^un,e = TfJ^e, aS {-R„}- 

modules, and that {ma}TiQe C TiQ, and {m^jT/jFe c T/JF. About the 
generalities on DA-algebras see [Hj [7] . 

For the exponential property (3) we need no change. 

Example 11.1 Let X be a differential system (= an ideal of differential 
forms that is d-closed) on K^. Set := {/ : (K",0) ^ (K^, 0) | f*I = 0}, 
the set of integral map-germs, and G := {{cr,T) E A \ r*I = I}, the group of 
^-equivalences preserving X. Then J-' G S is ^-invariant. Moreover we set 
^un{r) as the space of r-parameter unfoldings 

F = (A, A) : (K" X K^ (0, 0)) ^ (K*' x K^ (0, 0)) 

satisfying f*I = 0(A G (K^ 0)), and set 

Qun{r) := {((7A, TA, A) G An(r) I r*I = J, (A G (K^ 0))}. 

Then JF„n(^) C Sun{r) is ^^j„(r)-invariant. Remark that JF and are in 
general non- linear. 

In particular we apply the above general theory to the singularity theory 
of integral mappings. 

Set 

= {/ : (K", 0) (K2"+\ 0) I / is integral of corank at most one.} 
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and Q = {(cr, r)} the group of contactomorphisms acting on JF. We set 
^un{f) as the space of r-parameter integral unfoldings of integral germs in 
JF, and Quni'^) as the group of r-parameter unfoldings of contactomorphisms 
in Q. Then we have T/jFg = Vlf, TfJ^ = VI^ and TiQe = Ki © VH2n, TiQ = 

mnVn®imf} * VH2n)- 

Then T/jFg is an £^2n+i-niodule. If / is finite, then T/jFe is a finite £^2n+i- 
module. 

We consider the system of algebras: £^2n+i £2n+i with the identity 
connection homomorphism. Note that TiQe = Vn®VH2n is an {£^2n+i, £2n+i}- 
module by 

H*i:={rH)-i, H*Xk:=Xhk, 

where Xh is the contact Hamilton vector field with Hamilton function H 
([Q. Moreover T/jFg is an {£^2n+i, ^^2n+i}-niodule by 

{H, K} * V := H * V, 

using the multiplication given in Proposition Ifi.HI (Here {H, K} does not 
mean the Poisson product, but just comes from the notion on algebra-systems 
used in jH] §6). 

Also for unfolding spaces, module structures are defined as in Corollary 

EH 

For the Legendre versality, we set Q the group of Legendre equivalences 
{(a, r)} for the Legendre fibration n : W = (K^^+i, Q) ^ Z = (K"+\ 0). We 
read as 

Vlf = TjJ', and tfiV^) + wf{VLw) = TQ, ■ f. 
The system of algebra we consider is 

£n+l £2n+l £2n+l 

with the connection homomorphisms vr* and the identity respectively. 
In both case we can check the axioms (1), (2) and (3). 



Now, based on the above general scheme due to Damon after the modifi- 
cation, we give alternative proof of Theorem 12.31 
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Proof of Theorems VJ.^A and \2/J\; The axioms (1), (2), (3) are easily checked. 
We need to show the extension axiom (3') is satisfied, for the category 
of integral unfoldings of an integral map-germs of corank at most one, in 
order to apply the Mather-Damon's machine to our situation. Note that the 
geometric group does not involve into the axiom (3'). 

Let / : (A^, a;o) — > {W,Wq) be an integral map-germ of corank < 1. Let 
F : {N X K'-,(xo,0)) ^ (^^,^0) and F' : (A^ x K^(xo,0)) ^ {W,wq) be 
integral deformations of /. We may set {q,Pn) ° f = (a^i, . . . ,Xn-i,u,v), for 
a function-germs u = u{x', t),v = v{x', t),x' = {xi, . . . , Xn-i),t = Xn, after a 
contactomorphism. Set 

{q,Pn) o F = ((g o F){x', t, A), (p„ o t, A)), 

(g, pn) oF' = i{qo F'){x', t, fi), (p„ o t, /i)). 

Then there exist a coordinate change on the g-space depending on A, /i such 
that we have 

{q,Pn)oF={x',U{x',t,X),V{x',t,X)), 

iq,Pn)oF'=ix\U'ix\t,fi),V'ix',t,fi)), 

with U{x', t, 0) = u, V{x', t, 0) = V, U'{x', t, 0) = u, V'{x', t, 0) = v. Then we 
can extend (g,p„)oFand {q,Pn)oF' to H : (A^xK^'xK'', (a;o,0,0)) (W,Wo) 
of form 

H{x\ t, A, /i) = {x', U{x', t, A, /i), V{x', t, A, //)) 

by setting 

U (x', t, A, /i) := U {x' , t, A) + U\x' , t, /i) — u{x', t), 

V{x', t, A, /i) := V{x', t, A) + V'{x', t, - v{x', t). 

Then we define F" : (A^ x x K^ (xo,0,0)) ^ {W,Wq) by (g,p„)oF" = H, 
(r o F"){xq) = r o /(xq), and by 

n—l 

d{r o F") = J2iPi ° F"')dxi + UdV. 

i=l 

Here d means the exterior differential by Xi, . . . ,Xn-i,Xn = t. The last 
condition means that 

droF" _ ~dV droF" _~dV 

dxi ^* ' dt dt ' 
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We determine r o F" by the latter condition and (r o F"){xq) = r o /(xq). 
Then pi o F", {1 < i < n — 1) are determined by the former condition. Thus 
we have the extension F" of both F and F'. 

Therefore the extension axiom (3') is satisfied. Then by the general frame- 
work we have the proof of contact and Legendre versality theorems. □ 
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